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A FREQUENCY THEORY OF PROBABILITY ? 






HILOSOPHERS have been wont to analyze such concepts as 
space, time, quantity, and simultaneity without attending to the 
actual procedures in terms of which these concepts are employed. 
They have, in consequence, suffered consternation or delight, accord- 
ing to their point of view, when on the basis of their own meanings the 
sciences seem like the black arts. The analysis of probable infer- 
ences similarly has suffered much because their nature has been 
frequently defined antecedently to a study of their use. A satis- 
factory approach to such an analysis would require a rather full 
preliminary examination of inferences usually regarded as prob- 
able, employed in various fields of research. For lack of space, 
however, a more dogmatic approach must be employed here. In- 
stead of a critical survey of the employment of probable inferences, 
a hypothesis will be offered concerning their proper analysis, but 
one which it is believed can do justice to every variety of probable 
reasoning. 

I 























The theory which is here advanced can be stated most shortly in 
contrast to the psychological or subjective interpretations and to 
the materialistic or statistical interpretations of probability. The 
nature of the answer which each interpretation gives to well-worn 
illustrations, which are nevertheless only simplified forms of prob- 
lems oceurring in physies,? can serve as a touchstone for under- 


1 Read with some omissions at the meeting of the Eastern Division of the 
American Philosophical Association, Yale University, December, 1931. 

* Although the conviction that any theory of physics is at most only ‘‘ prob- 
able’’ (in some sense of the word) has been long the property of many students 
of logic, the conviction that ‘‘probability’’ is an inexpugnable scientific ecate- 
gory has become widespread only recently. Repeated attempts to obtain the 
theorems of the kinetie theory from ‘‘deterministic’’ or classical physics have 
all met with failure, and the difficulties involved in the ‘‘ergodic hypothesis’’ 
of atomic behavior have necessitated a complete recasting of the theory upon 
statistical foundations. It is safe to say that not a single theorem of the kinetic 
theory can be deduced without introducing concepts involving statistical fre- 
quencies or ‘‘probabilities.’’ See the discussion in R. C. Tolman, Statistical 
Mechanics, p. 18 ff.; p. 39 ff.; R. von Mises in Naturwissenschaften, Feb., 1930; 
also in his Angewandte Mathematik, Band I, Wahrscheinlichkeitsrechnung, § 16. 
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standing the limitation of each. Suppose we are given two strange 
coins each with two different faces, and we are required to state 
the probability of getting unlike faces upon tossing the coins. 

(a) A familiar answer is that the probability is the ratio of the 
number of equiprobable possibilities favorable to the event and the 
number of all the equiprobable possibilities involved in tossing the 
coins. Two possibilities are said to be equally probable when our 
ignorance is equally distributed, that is, when we know as much or 
as little concerning the precise conditions tending to produce one of 
the alternatives as the other.® 

The chief difficulty to be noticed in this psychological interpreta- 
tion of probability is the unjustifiable assumption involved in the 
doctrine of the equal distribution of ignorance. For it is assumed 
that because the number of possible ways in which we can arrange 
two heads in tossing two coins is the same as the arrangement of two 
tails, the frequency of getting two heads is the same as that of two 
tails. But an examination of the calculus of probability shows that 
it does nothing more than count with complete certainty the nun- 
ber of abstract relations of a certain type. And arithmetic can not 
tell us which class of relations will in fact most frequently occur. 

It is not difficult, however, to appreciate the motives which have 
led writers on probability to neglect the material or experimental 
basis of probable inferences. In the first place, the mathematical 
theory of probability is a logical system of propositions, in which 
the theorems are necessary consequences of the premisses. It has 
been an easy mistake, therefore, to confuse probable inferences with 
the dialectical development of premisses, in which symbolical opera- 
tions may be earried on with no explicit reference to any specific 
subject-matter. Mathematicians and logicians have omitted to con- 
sider the material truth of the premisses of this logical system, and 
have consequently based it on the inexpugnable fact of human ig- 
noranee, in the interest of guarding the calculus of probability 
against short-sighted empirical philosophies. In the second place, 
since it was correctly believed that probability is not an intrinsic 
property of an event or proposition, and since relations were re- 
garded as being necessarily subjective and mental, it was very nat- 
ural to interpret the probability of propositions as having reference 
to states of mind. And even when relations were recognized as hav- 
ing an objective status, logicians believed objectivity for the logic of 
probability ean be won only by basing it on immediately perceived 
relations between propositions, so that the validity of probable in- 
ferences becomes divorced once for all from every question concern- 

2A typical statement of this version is given by Welton, Manual of Logie, 
Vol. II, p. 166. 
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ing the truth of the conclusions to which they lead. As we shall see, 
many difficulties can be eliminated by distinguishing a hypothetical 
or logical as well as a material or experimental factor in probable 
inferences. Meanwhile, the use of the mathematical probability 
functions in such diverse domains as stellar astronomy, atomic and 
molecular physics, and genetic studies, seems like good evidence for 
the proposition that the probability of an occurrence is something 
more than a measure of our ignorance concerning it; just as the 
proposition that high winds cause destruction is not equivalent to 
the proposition that the occurrence of winds is associated in our 
minds with the occurrence of damage to property. And the actual 
changes introduced in the assumptions of mathematical statistics, 
in the interest of obtaining true or approximately true conclusions,* 
indicates that in the natural sciences at any rate ‘‘truth’’ and 
‘‘validity’’ are distinctions which it is important to make, although 
the terms of the distinction can not be isolated from one another.® 

(b) As a consequence, the so-called materialistic theory has been 
advanced by physicists and others as an alternative interpretation. 
According to it the probability of an event is just the limiting value 
of the relative frequency with which a certain type of events occurs in 
a series of events. Probability and statistical frequency are identi- 
cal concepts for this interpretation, and formally invalid inferences 
which do not deal with a series of similar events are ruled out from 
the province of the logie of probability. 

There is little doubt, however, that we often employ the word 
‘‘probable’’ in senses apparently not compatible with its definition 
in terms of relative frequency. If we wish to know what is the 


4R. von Mises, Angewandte Mathematik, Bd. I. Wahrscheinlichkeitsrech- 
nung, § 13. 

5 Although the belief dies hard that ‘‘probability’’ is a make-shift, a 
temporary and unsatisfactory substitute for competent knowledge, or that it 
is a concession to the weakness of finite minds, nevertheless, even the staunchest 
defenders of such psychological interpretations of probability give some hint 
that objective grounds for the state of our expectations exist. Thus, according 
to Hume, the ‘‘ probability’’ of an event indicates only the vivacity of our ideas. 
This vivacity, however, is apparently determined by the quantity of impulse re- 
ceived from something non-psychological. However, Hume has nothing to say as 
to why the actual frequency of the turning up of a certain figure is propor- 
tional to the strength of the impulses it sends to the mind. Similarly, De 
Morgan maintained, after a slight flirtation with the notion of an ideal or ob- 
jective probability, that by probability is meant nothing more than the degree 
of belief or the state of mind with respect to an assertion. Nevertheless, he 
argues that in spite of D’Alembert’s belief that the chances are two to one 
in favor of a head turning up if a coin is tossed twice, D’Alembert ought to 
have believed that the chances are three to one. But whence the authority of 


the ought, if only the state of one’s expectation is denoted by a statement about 
probabilities? 
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probability that Napoleon was a historical figure and not a solar 
myth, as Jean B. Péres wittily contended, we can not examine a 
series of planetary histories to discover how frequently reports con- 
cerning Napoleon have their basis in actual history. Now it may 
be that the word ‘‘probable’’ is equivocal, so that a theory of prob- 
ability which is adequate for one meaning is not so for another, 
Thus, it may be that when we say ‘‘This theory is more ‘probable’ 
than that one,’’ and when we say ‘‘Getting a head with a coin is 
just as ‘probable’ as getting a tail’’ we are employing two radically 
different ideas denoted by the same verbal symbol.® In that case 
one would have to develop two different analyses of probability. 

(c) Such a heroic measure is, however, not required. But in 
any case, if we are presented with a strange coin, the frequency 
with which the head will come up can not be determined ante- 
cedently by counting the number of ways in which the coin may 
fall. On a sound theory of probability, we must either declare that 
we can not estimate the probability because we lack the requisite 
knowledge; or we must be able to identify the coin as a member of 
a class of coins concerning which empirical knowledge is already 
had. Thus, we may weigh the coin, balance it, spin it on its edge, 
ete.; we may also examine the apparatus which will toss the coin to 
discover whether the impulse given to the coin favors the production 
of one face rather than another; and in consequence we may be 
in the position to assert that ‘‘probably’’ this coin belongs to the 
class of coins for which the ‘‘probability’’ of getting either face is 
the same.’ 

It is possible to develop a single, unequivocal interpretation of 
probability, if we recognize that when we say ‘‘the coin probably 
belongs to this class’? we mean only this: the nature of the infer- 
ences or rules we employ in this classification is such that they lead 
very frequently to a correct classification. Similarly, when we say 

6 We can find other instances of such equivocality. ‘‘Straight line’’ has 
one meaning for the pure mathematician, and another for the baseball runner; 
‘¢work’’? means one thing for the coal miner, another for the man solving an 
intellectual problem, and still another for the student of physics. On the other 
hand, there may be present in both uses of the word ‘‘probable,’’ in spite of 
apparent differences of meaning, some feature which is invariant for both uses. 

7**Tf by some edict of the Master of the Mint pennies were so loaded that 
one fell twice as often head up as tail up, the a priori probability of the head 
would be two-thirds, of a tail one-third.’’ Rice, J., Introd. to Statistical 
Mechanics, p. 8. 

Campbell’s discussion of this point is unambiguous: ‘‘Chance is measured 
by the same process as is electrical resistance—as a derived magnitude. Chances 
are important for physics in so far as they represent relations between fre- 
quencies.’’ Philosophical Magazine, Vol. 44 (1922), p. 69. 

8 Cf. J. von Kries, Wahrscheinlichkeitsrechnung, pp. 28 ff. 
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? 


‘‘the probability of getting either face is the same,’’ we mean only 
this: coins identifiable by certain marks (e.g., position of center 
of gravity) when tossed in specified ways do fall approximately as 
frequently on one side as on the other. It can be shown that these 
apparently different meanings of probability are in fact identical. 

We may see this clearly if we determine the frequency with 
which the values of the propositional function ‘‘This coin will come 
up heads on the next toss’’ are true, where ‘‘next’’ has the rdéle of 
a variable.® The truth-frequency of the values of the propositional 
function, and the frequency of getting a head will be the same. Let 
every value of the function be inferred from some other proposi- 
tion—stating the position of the center of gravity of the coin, for 
example. Hence, when we say ‘‘It is probable that this coin will 
fall heads with a probability of one-half’’ this may be interpreted to 
mean that the type of inference we employ in classifying coins is of 
such a nature that they lead to true results with a definite (but 
perhaps unknown) relative frequency. And when we say ‘‘This 
coin will fall heads with a probability of one-half’’ this will mean 
that the type of inferences from propositions asserting the position 
of the center of gravity to the proposition that heads will turn up, 
is correct half the time. Thus we see that ‘‘probability’’ denotes 
the relative frequency of the effectiveness of a certain type of in- 
ference. 

We are thus driven to recognize both a logical and a factual 
aspect in probable inferences. We may state more formally the 
nature of probable reasoning in terms of C. S. Peirce’s doctrine of 
“leading principles.’’ 

A leading principle can be defined as a proposition formulating 
a class of inferences. It denotes a relation whose domain is a class 
of propositions p and whose converse domain is a class of proposi- 
tions q such that q is inferrable from p in virtue of this principle. 
Thus from the proposition ‘‘This penny has its geometric center 
coincident with its center of mass’’ we may infer ‘‘This penny will 
fall heads uppermost’’ in virtue of the principle ‘‘If penny z has 
physical symmetry then penny x will fall heads uppermost on the 
next toss.”” On any one application of the principle the conclusion 
may be false although the premisses are true. But the inferential 
value of a leading principle does depend upon the frequency with 
which it leads as a matter of fact to true conclusions from true 
premisses. 

We may now define the phrase ‘‘the probability that a proposi- 
tion is true.’’? Let A be any propositional function whose values are 


°Te., consider the frequency with which the values of the propositional 
function, ‘‘ This coin falls heads up on toss x’’ are true. 
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in the domain of the leading principle, and let B be any proposi- 
tional function whose values are in the converse domain inferred 
from A. Let n (AB) represent the frequency with which the values 
of both A and B are true, while n (A) is the frequency that the 
values of A are true.2° And let the field of propositions to which 
a leading principle is appplicable conform to the following: (1) 
Condition of Convergence. In a series of applications of the lead- 
ing principle, the ratio n (AB) to n (A) approaches some limiting 
value as n (A) increases. (2) Condition of Randomness. Select 
from the domain any subclass of propositions. Then for every sub- 
class the ratio n’(AB) to n’(A) approaches the same limit as does 
the similar ratio in the original class. If both conditions are satis- 
fied, we define the ‘‘ probability that a proposition is true,’’ inferred 
in virtue of a leading principle from another proposition, as the 
limiting value of the relative frequency with which the principle 
leads to true conclusions from premisses which are true.’ 

Clearly, then, the phrase ‘‘the probability that heads will come 
up’’ has meaning only in terms of the type of argument employed 
to infer the proposition ‘‘heads will come up.’’ If that type of in- 
ference deserves our confidence, it is because in fact it does lead 
in a certain proportion of eases to true conclusion from true 
premisses. But the leading principles of formal logic (e.g., prin- 
ciple of contraposition) must be differentiated from the principles 
we have been discussing; for the invariability with which such 
formal principles yield true conclusions from true premisses is not 
taken into account in our discussion of probable arguments.?? Fur- 
thermore, probability considerations are meaningful only for argu- 
ments for which a limiting value, as defined above, exists or is sus- 
pected to exist. If, knowing nothing about a country side in which 
I am lost, I say that it is ‘‘probable’’ I will reach my destination by 

10 An algorithm for dealing numerically with propositional functions was 
developed by Couturat, in the Rev. de Mét. et Mor., Vol. 24 (1917); and by 
Reichenbach, Mathematische Zeitschrift, Band 34 (1932). 

11 The development of the entire mathematical theory of probability on the 
hypothesis of a class satisfying both of these conditions is exhibited in full 
detail in R. von Mises, Angewandte Mathematik, Band I (1931); a more popu- 
lar treatment is given in his Wahrscheinlichkeit, Statistik, wnd Wahrheit. It 
is possible to elaborate, up to a certain point, a frequency theory without intro- 
ducing the Condition of Randomness, and this has been done by Reichenbach 
in the paper cited. Many of the issues raised by the Condition of Randomness 
can not be discussed here for lack of space and because of their highly technical 
nature. 

It should be noticed in passing that on the view of probability here pro- 
posed, it is not essential that the premisses in any probable argument must be 
known to be true. They may be probable on the evidence of some previous 


inference from other sets of premisses. 
12 Cf. Nicod, J., Probleme Logique de 1’Induction, p. 20. 
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taking the left road at a crossing, my statement has no significance 
beyond expressing a desire or hope. It is, of course, not always 
easy to assign a numerical value to an argument, either because it 
may be seldom employed, so that a limiting value for it can not be 
ascertained; or because, although often used, the required statisti- 
cal information is not available; or because the argument may be 
so complex and contain so many subsidiary leading principles that 
an analysis in terms of truth frequencies has not been carried 
through. Nevertheless, we often evaluate the ‘‘strength’’ of an 
argument without being in possession of extensive statistical data 
or without being able to assign a numerical value to it. Thus we 
often say that it is less probable that what my friend just said is 
true because he sneezed after saying it, than that it is true because 
he gave me his ‘‘word of honor.’’ We may ask, indeed, with Mill, 
why a few instances of an argument are sufficient in some cases 
for establishing its ‘‘strength’’ while in other cases an indefinite 
number of instances help very little to establish the probability 
value of another argument. And we can answer, as Mill can be 
answered, that at the stage of human investigation where a few in- 
stances are sufficient to lend force to an argument, the constancy of 
the association of certain propositions has the support of the over- 
whelmingly large experience of the race. 

On the interpretation of probability here presented every prob- 
able argument has, theoretically, a numerical value. The single but 
essential difference between the ‘‘truth-frequency’’ probability 
theory and ‘‘material’’ frequency theories such as that of Venn, is 
that in the former the ‘‘event’’ of the material theory is an inference 
made from one elass of propositions to another; and the ‘‘favorable 
event’’ of the material theory is a case of the conclusion of such an 
inference being a true proposition. Since, therefore, the ‘‘value’’ 
of a probability, whenever it is obtainable, is a relative frequency, 
the technique developed for compounding relative numbers can be 
applied to evaluating the probabilities of complex arguments. Ad- 
dition and multiplication of probabilities can be readily defined if 
we make use of some well-known theorems concerning limits. If P 
is a leading principle, p, the premisses, and qg, and q, two mutually 
exclusive subclasses of the converse domain of P; and if P applied to 
p leads to q, with the relative frequency f, (equal to the limit of 
n(p q,) over n(p) and to q, with the relative frequency f., then 
the probability that either q, or q, is true if p is, is given by f, + f.. 
For example, if we know that a die is symmetrically built and that 
under certain conditions of throwing the values of the propositional 
function ‘‘the two-spot comes up’’ and ‘‘the three-spot comes up’’ 
are true each one-sixth of the time, then the values of the proposi- 
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tional function ‘‘either a two-spot or three-spot will come up’’ will 
be true one-third of the time. Whether addition of probabilities so 
defined satisfy the usual demands that addition conform to com. 
mutative and associative laws, must be determined, in this case as 
in all others, by experiment.?* 

Suppose, next, we know that a leading principle P will enable us 
to infer the truth of propositions falling into the mutually exclusive 
subclasses (q,, do, *** don) of the converse domain of P with probabil- 
ities f,, f., *** fon. We wish to know, having informed ourselves 
that in virtue of special circumstances propositions in classes 
(G1, Iss Usy °** Qon-1) could not be true, what is the probability of 
propositions in q, being true on the hypothesis that p is. An easy 
calculation shows that the probability of q, is then given by f.’ which 
is equal to f, divided by the sum f, + f,+ *++ + fn. The well- 
known theorem of Bayes can be shown to be a generalization of a 
problem of this nature. 

Finally, we define ‘‘independent’’ arguments and multiplication. 
Two leading principles P, and P, will be said to be independent of one 
another if in selecting a subclass from p, (the domain of P,) on the 
basis of some correlation with any subclass of p, (the domain of P,), 
the relative truth-frequency ratio of P, when applied to the first 
subclass remains unchanged. If the probability of q, with respect 
to p, (using P,) is f,, and that of q, with respect to p, (using 
P,) is f,, then the probability that both gq, and q, are true on the 
joint hypothesis p, and p, using principles P, and P,, is f, X f 
Thus if the probability of the proposition ‘‘a head will come up on — 
this coin’’ is one-half, and of the proposition ‘‘a three-spot will 
come up on this die’’ is one-sixth, the probability that ‘‘both a head 
and a three-spot will come up’’ is one twelfth.** 

Thus the calculus of probability is concerned, given the ‘‘truth- 
frequencies’’ of certain leading principles, to discover the ‘‘truth- 
frequencies’’ of other leading principles involved in the first set 
by combining the principles of the first set in various ways. All 
kinds of leading principles are capable of being manipulated by the 
ealeulus, as far as their ‘‘truth-frequency’’ values are concerned. 
But since most leading principles, as a matter of circumstance, have 
not an ascertained numerical probability, it is profitless formalism 
to apply the operations of addition and multiplication to their the- 
oretically possible frequency coéfficients. 

In sum, then, on the theory of probability here proposed, prob- 
ability is a relation between propositions, not between a proposition 

13 Campbell, N. R., Measurement and Calculation, Chap. 2. 

14 This entire matter is very technical, but has been worked out in detail, 
for other purposes, by von Mises, op. cit., § 3. 
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and the state of mind of some inquirer. It is a relation whose 
analysis shows that the relative truth-frequencies of classes of propo- 
sitions between which it holds is part of its meaning. It follows, 
therefore, that a proposition is correctly judged to have a prob- 
ability only in so far as it is referred to some class of propositions, 
and that a proposition will be judged to have different degrees of 
probability according as it is referred to one such class rather than 
another. Questions of probability, like questions of relevance, al- 
ways involve material or factual, in addition to purely logical, con- 
siderations.*® 


II 


It is time, however, to indicate shortly the advantages the truth- 
frequency theory of probability has over others; and to meet, or try 
to meet, some important objections. 

(1) Unlike the theories which regard probability as a function 
of our ignorance, and which make a complete mess in their interpre- 
tation of ‘‘numerical probability,’’ the theory here advanced is not 
based on the psychology of what or how people think and believe. 
An objective ground is supplied for asserting one conclusion as 
more ‘‘correct’’ than another, on the basis of evidence considered. 
A proposition is probable, not because we may have an impulse to 
believe it, but because as a matter of fact the leading principle in- 
volved does lead to true conclusions a certain proportion of times. 

(2) The claim to be free from irrelevant psychology is made by 
such theories as those of Keynes and Venn as well. For Keynes, 
however, ‘‘probability’’ is a logical relation between two proposi- 
tions, which is altogether sui generis and irreducible to classes of 
inferences between two sets of propositions. On his theory we must 
possess an ‘‘intuition’’ of the exact probable relation between two 
propositions.*° Now, unfortunately, no one has been able to give 
an account of this intuitive faculty or even to employ it for esti- 
mating the probabilities of propositions. Moreover, it is an ad- 
mitted character of probable reasoning that a false conclusion 
drawn on the basis of given evidence does not invalidate the claim 
that that conclusion is nevertheless probable on the evidence.’7 But 
since on Keynes’ view the probable relation is obtained in a unique 
intuition, such an intuition (even if we grant that it does exist) 

15 Relevance may be defined in terms of probability. If p is a proposition 
and h the evidence marshalled in its favor, if for the purposes of a given in- 
quiry degrees of probability less than some assigned value a may be neglected, 
and if the degree of probability f of p on evidence h is less than a, then h is 
irrelevant to p in that inquiry; it is relevant in that inquiry if f is equal to or 
greater than a. 


16 Treatise on Probability, pp. 6 ff., 13, 16. 
17 Tbid., p. 7. 
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can not be checked or verified by any subsequent experience, since 
for Keynes the frequency with which a probable argument leads us 
astray or not has nothing to do with the matter..* On Keynes’ 
theory we can never be wrong, since the validity of the intuition is 
independent of the success of men’s trials. Keynes can always claim 
that ‘‘on the evidence’’ his intuition of the probable relation is 
sound, and that if he alters his judgment as to the probability of 
a proposition it is because new evidence is introduced.’® Now if we 
invoke the usual principles of scientific method to judge Keynes we 
must indeed be sceptical of a theory which requires that we can not 
possibly be found in error. And no other reason is brought in sup- 
port of such a curious state of affairs but the claim to an infallible 
intuition. There is therefore a prima facie case against Keynes’ 
theory, which is so frankly built on shaky intuitive foundations and 
so completely out of contact with the usual tentative character of 
scientifie inquiry.”° 

Keynes may indeed declare that he is interested in the formal 
connections between propositions whenever (and subsequent to) the 
probability relations between them have already been determined. 
Perhaps a more serious charge, therefore, against Keynes’ theory 
is the metaphysics and epistemology to which he is committed as a 
consequence of his analysis of the probability of induction. Ac- 
cording to him and to Broad it turns out that any generalization 

18‘*The validity of the inductive method does not depend on the success 
of its predictions. Its repeated failure in the past may, of course, supply us 
with new evidence, the inclusion of which will modify the force of subsequent 
inductions. But the force of the old induction relative to the old evidence is 
untouched. The evidence with which our experience has supplied us in the 
past may have proved misleading, but this is entirely irrelevant to the question 
of what conclusion we ought reasonably to have drawn from the evidence then 
before us. The validity and reasonable nature of inductive generalization is, 
therefore, a question of logic and not of material laws.’’ P. 221 (italics in 
text); cf. also p. 243. 

19 We must distinguish between ‘‘intuition’’ as the intellectual function 
which is supposed to guarantee the truth of its object, and ‘‘intuition’’ which 
consists in applying a principle or recognizing a principle in an instance of it. 
Thus, the probability of getting heads with a coin is one-half, because we have 
made repeated observatons on coins of a certain class. If a coin is presented 
to us, we ‘‘intuit’’ the ‘‘fact’’ that this is one of a class of objects having the 
property of falling heads as often as tails. But this intuition requires subse- 
quent verification; prior to the verification the intuition delivers only a hy- 
pothesis. 

20 Keynes himself sometimes recognizes a form of the frequency theory. 
He clearly recognizes (p. 54) that the principle of indifference can be applied 
to the problem of drawing colored balls from an urn only subsequently to a 
judgment that the color as such is irrelevant. The point at issue is, of course, 
discussed with much clarity by Mach in his treatment of the principle of the 
lever, Science of Mechanics, p. 9. 
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we make on the ground of a set of observations is not ‘‘strength- 
ened’’ by repeated observations verifying such a generalization, but 
owes its ‘‘strength’’ to a finite antecedent probability in favor of 
the generalization drawn from some other source. Such finite ante- 
eedent probability for a theory (antecedent to its verification) comes 
to it from considerations of analogy to other theories. But such 
considerations drawn from analogy can not be pursued indefinitely, 
and in some cases therefore we may feel justified in assuming di- 
rectly that a theory is antecedently probable. 

On Keynes’ view, therefore, we must ultimately judge that 
theories considered have a finite probability antecedent to verifica- 
tion. As he says ‘‘ We depend upon the initial presumption that if 
a proposition appears to us to be true, this is by itself, in the ab- 
sence of opposing evidence, some reason for its being as well as ap- 
pearing true.’’** In addition, we must take as a premiss for all 
induction the principle of limitation of independent variety, ac- 
cording to which the ultimate constituents into which the facts of 
the universe are analyzable, are finite in number. The reason why 
such a premiss is demanded, is that since every generalization must 
have an antecedent finite probability the assumption that there are 
a finite number of exhaustive alternatives into which the constitu- 
ents of every generalization can fall, will guarantee the antecedent 
probability.22 Thus, on Keynes’ theory, we must be able to make a 
true statement about the constitution of all nature before we can 
make a true statement about the structure of a part of nature. Such 
a view is not far removed from the old type of rationalism according 
to which a priori material propositions can be known. Is the prin- 
ciple of limitation of variety a self-evident proposition or only 
probable? No one dares call it true by self-evidence. But if it is 
only probable, we ask on what evidence? On the evidence of the 
inductive process? Logical disaster is inevitable then. Or is the 
principle a ‘‘postulate’’ which is plausible because it works? But 
in that ease, some form of a frequency theory of probability must 
be adopted, and the notion of an antecedent probability for a theory 
must be given up. As Peirce observed, we are not concerned with 
discovering the probability that facts will fit a given theory; since 
to be so concerned implies that we are interested in all possible 
worlds and in the frequency with which this actual world illustrates 
one of the possible ones—a clear absurdity. ‘‘There is no prob- 


21 0p. cit., p. 239 (italics in text). That on this theory all observation 
and experiment has no value for inferring anything about the constitution of 
nature, and that the conclusions of an inquiry turn out to depend on the 
antecedent probability of the conclusions, stands out clearly in Broad’s ‘‘ Presi- 
dential Address,’’ Arist. Soc. Proceedings, Vol. 28. 

22 Op. cit., Chap. 22. 
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ability before all reality,’’ wrote Bradley. ‘‘There is none which 
does not stand on a basis of fact assumed or actual, and which is 
not a further development of that basis.”’ 

(3) The ‘‘truth-frequency’’ theory of probability can take over 
the entire mathematical apparatus and method of the ‘‘material’’ 
frequency theories such as those of Venn and von Mises, without 
committing itself to the narrow field of application of either. It is 
certainly legitimate to pursue the study of probability theory on the 
assumption that its subject-matter is a series of future events. 
By so doing, however, the theory cramps its range of application 
and throws no light on such presumable ‘‘probable’’ questions as 
are involved in judging past events. Logically the investigations of 
the past and of the future are in the same boat; and if a theory can 
be developed to explore the serial character of events in the future 
that theory ought also be applicable to the past as well. 

Every event, regarded as a ‘‘concretion in existence,’’ is unique 
and inexhaustibly rich in its attributes and connections. An event 
so regarded has an aspect of finality which is altogether incom- 
municable, and which is consequently not subject to discursive ex- 
ploration. This immediacy that past events possessed when they 
were present is irrecoverable by inquiry. But every inquiry is ad- 
dressed not to that which is unique, but to the recurrent characters 
of events also possessing aspects of uniqueness. 

Consequently, when we inquire whether Napoleon ‘‘really’’ 
lived, we ask whether certain repeatable features of such a pre- 
sumptive being can be inferred to have ‘‘really existed’’ from cer- 
tain evidence. The inference, however, involves the use of some 
leading principle, leading from the evidence to the conclusion; its 
‘‘truth-frequency’’ may have a limiting value and hence a prob- 
ability—if it does not, the argument is worthless. If we knew the 
truth-value of every proposition in the field of the leading principle, 
there would be no sense in employing it; the practical significance 
of leading principles lies in our knowing their associated probability 
value and in knowing the truth value of some propositions in its 
domain. In such eases the objects of historical study, like the ob- 
jects of physics, can be explored in terms of probable inference. 

The probability of a proposition about something in the past, 
just as that of a proposition about the future, thus is only the evalua- 
tion of the evidence for it on the basis of a definite method. The 
proposition that there was an eclipse of the sun in 585 B.C. is either 
true or false. Since there is only one proposition asserting such an 
- occurrence and only one such event, on the material frequency 
theory we could not evaluate the probability of its truth, since a 
random series of some kind is not present. But such a series is in- 
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volved in the ‘‘truth-frequency’’ coéfficient of the leading principle 
employed in inferring the proposition. Similarly, the German his- 
torian Giesebrecht claimed that certain extant chronicles of the 
eleventh century obtained their information from a common source 
no longer extant. He constructed the hypothetical missing docu- 
ment from its supposed later derivatives, employing a complicated 
set of leading principles in the process. Twenty-six years later the 
missing chronicle was discovered which confirmed in all essentials 
the reconstruction.”* The leading principles employed in this case 
were confirmed. If they and other principles could be repeatedly 
confirmed in this or similar ways, so that a limiting value were estab- 
lished for them, the logic of historical studies could be placed upon 
a mathematical basis.** 

On the frequency theory of probability here developed, the prob- 
ability that a theory is true is capable theoretically of the same sort 
of determination in terms of the frequencies associated with a leading 
principle, as is the probability of getting heads with a coin. The 
arguments leading to the discovery of the theory, the nature of the 
verifications to which it is submitted, are special instances of com- 
prehensive leading principles which have had a certain frequency of 
successes. Let us consider an example. 

Observation of magnetized bars of iron, needles, nails, ete., 
shows that magnets have two unlike poles such that unlike poles 
attract and like poles repel one another. We discover, however, 
that metals are not all equally magnetizable, and that the best metal 
magnets lose their magnetic properties with lapse of time. We may 
explain these facts on the theory that all metal substances are com- 
posed of small particles, each a permanent magnet with two poles, 
and each eapable of rotating around a fixed center. It is shown that 
in one arrangement of these particles with respect to one another, 
the opposite poles neutralize each other completely, so that the 
entire bar shows no magnetic properties; in another arrangement, 
only some of these particles neutralize one another, so that the en- 
tire bar does show magnetic properties. The changes in the relative 
position of these small permanent magnets, and the ease of their 
rotation around their fixed centers, will then explain why a metal 
bar acquires or loses magnetic properties. 

Now, quite clearly the hypothesis of the theory can not be di- 
rectly verified. It can be verified only through the verification of 

23 Johnson, A., The Historian and Historical Evidence, p. 17. 

24 Locke’s discussion of testimony, and his conclusion that ‘‘the farther 
off it is from the original truth, the less force and proof it has’’ (op. cit., 
Book IV, Chap. 16), wins its persuasiveness because of the implicit reference 


to the frequency with which the type of arguments employed in arguing from 
such testimonies do or do not lead us astray. 
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its consequences. In what sense, however, can the theory be said 
to be probable on the evidence of its verifying instances? The 
usual statement is that while the theory offers an explanation for 
the observable phenomena, other theories may also explain the 
phenomena of magnetism; moreover, some of the logical conse- 
quences of the theory may be in disagreement with observation. 
But can this explanation of what is meant by saying the theory is 
probable be stated in terms of the truth-frequency theory ? 

At first sight it might seem as if this could not be done. For if 
the propositions asserting that metal bars exhibit magnetic prop- 
erties under specified conditions are the premisses, and the theory 
is the inferred conclusion, what is one to make of the interpreta- 
tion that the probability of the theory is the relative truth-frequency 
with which the theory is true when the premisses are true, if the 
theory can never be shown to be true? But such a view is not as 
nonsensical as it appears, if it is remembered that the theory has 
logical consequences which may be directly verified; that the physi- 
cal meaning of the theory consists in all the possible verifiable conse- 
quences which it has; and that therefore the probability of the theory 
depends on the relative frequency with which its investigation 
(carried on in accordance with certain standard methods) leads to 
the empirical corroboration of samplings made from the necessary 

onsequences of the hypothesis. In the present instance, for ex- 
ample, the theory has as one consequence among others, that ham- 
mering or heating a magnet will make it lose its magnetic prop- 
erties. The evidence for the theory is obtained, therefore, by taking 
as premisses propositions directly verifiable, via the theory which 
is not directly verifiable. The leading principle involved is the 
specific method and principles of evidence employed in this in- 
quiry ; and the frequency ratio associated with that method measures 
the probability that the theory is true. 

(4) On some views of probability, such as those of Professor 
Ducasse, probability is the measure of discrepancy between a given 
set of conditions and those conditions which are necessary for the 
‘*production’’ of a certain event.”> When we say that it is more 
probable that a certain man will live to be fifty than one hundred, 
we must apparently interpret this to mean that the conditions which 
prevail in the case of the given man are ‘‘nearer’’ to the conditions 
necessary to live until he is fifty than to the conditions necessary to 
live until he is one hundred. 

But why does it happen, we may ask, that in fact men live more 
often until fifty than one hundred? Why in the ease of the given 
man, whether he lives to be a hundred or dies at fifty, is the ‘‘near- 


25 Proceedings of the Sixth International Congress of Philosophy, p. 347. 
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ness’’ of his given initial condition to the ideal condition for a life 
of a certain length, any index to the duration of his life? If the 
necessary conditions for living a life of a certain length are not 
satisfied, then it is impossible at that time that the man should live 
for such a duration. Those supplementary conditions, required to 
make the actual set of conditions into a necessary set for the oc- 
currence of such a life-span, would have to be added. In this sense, 
as Professor Ducasse recognizes, whatever is not physically actual 
is impossible then. Nevertheless, when we say that it will probably 
rain to-night we do not mean only this: that all the factors necessary 
to produce rainfall are lacking. We mean, for example, that the 
readings on the barometer, the wind gauge, ete., are more or less re- 
liable signs for the actual occurrence of rain in the near future. 
We may suppose, indeed, that possibilities have some kind of effi- 
cacy tending to bring themselves into existence; and that, conse- 
quently, the necessary conditions for an event which are less com- 
pletely actualized in one case than in another have ‘‘more to do’’ 
in the first case than in the second. But even if we do make such 
a supposition, it must be on the basis of some (frequency) theory 
connecting the ‘‘distance’’ of actual conditions from ideal econdi- 
tions for obtaining an event with the frequency with which those 
ideal conditions are realized. 

(5) We turn to the difficulties which are laid at the door of all 
frequency theories. 

(a) Since probability has been defined as a limiting value of the 
“‘truth-frequeney’’ of applications of a leading principle, but since 
every statistical survey we can ever undertake must deal with 
classes having a finite number of terms, it is clearly impossible, one 
objection runs, to discover the probability of an argument. Such a 
theory of probability, it is said, can not do justice to any actual 
argument in probabilities. 

This difficulty, although serious, is not confined to the frequency 
theory of probability. It is one which every science must face when 
it interprets a discrete set of observations in terms of a theory ap- 
plicable strictly only to a continuous and therefore infinite series of 
possible observations. From a relatively few observations on the 
positions of the planet Mars we conclude that its path is an ellipse, 
and we caleulate its plane and axes. Our conclusion can not be 
justified on the ground that an ellipse is the only curve to which the 
discrete positions can be fitted. It is justified partly because future 
observations do in fact verify the inference that the positions of the 
planet converge to the elliptic path; and partly because the as- 
tronomical theory developed on the supposition that the path is an 
ellipse, is sensibly verified for other planets, as well as for terrestrial 
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phenomena such as capillarity, the fall of free bodies, the tides, ete. 

Similarly, on the basis of studies on births, and of reports on the 
tossing of coins, we assume that the probability of a male child being 
born or of a head turning up is, in each ease, one-half. In neither 
case is the limiting value of the frequencies actually observed, even 
though the actual values may not differ very much from what are 
said to be the limiting values. Nevertheless, on the assumption that 
one-half is the value of the limit, future series of observations can 
be predicted and correlated not only for births and coins, but for 
certain gas phenomena, ete. Moreover, the method which is em- 
ployed in extrapolating the value of the limit is often such that 
the hypothesis that it is one-half, for example, can be progressively 
modified and corrected in the course of using this hypothesis. It is 
therefore no serious objection to frequency theories that probability 
statements are often made, as in playing cards, although no statistics 
are either at hand or obtainable. Every book on statistical mechanics 
recognizes that the numerical value of the frequeney with which a 
given molecule occupies the various ‘‘phase-cells’’ (i.e., takes on 
values of velocities and positions) is postulated not on direct ex- 
perimental grounds (since we have no direct experimental evidence 
concerning molecules), but on the basis of the empirically ob- 
servable frequencies to which the consequences of such a postula- 
tion lead.*® ‘‘Chance in physics is usually a theoretical and not an 
experimental conception; but it may be suggested that anyone who 
proposed to attribute to the chance of a given deflection of an a-ray 
in passing through a given film any value other than that deter- 
mined by frequency, could convince us of nothing but his ignorance 
of physies.’’ 7 

If, therefore, the objection here considered were valid against 
the frequency theory of probability, a similar objection would be 
fatal to all science. It is the self-corrective nature of scientific pro- 
cedure which removes the sting from the objection. Nor must it be 
forgotten that we often feel secure in positing a limiting numerical 
value for a leading principle, even when only a small number of 
applications have been made, because the conditions present in the 
small number of applications can be subsumed under a larger class 
of better known conditions. Thus we may toss a strange coin only 
a few times in order to be able to say that the probability of getting 
heads is one-half. Such an inference to the limiting value of the 
frequency of heads is fortified if we can subsume this coin in the 
class of coins known to be ‘‘fair’’; for our experience with ‘‘fair’’ 
coins may be more extensive than our experience with this coin. 


26 Cf. Rice, op. cit., p. 35. 
27 Campbell, Philosophical Mag., Vol. 44, p. 69. 
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These considerations, intended to blunt the point of the objec- 
tions against the condition of convergence for probability, are 
equally relevant to similar objections against the condition of ran- 
domness. 

(b) However, a more serious objection to the frequency theory 
must be considered. If a limit, in the strict mathematical sense, 
exists for a series of terms, then if we choose any preassigned small 
number, we can find a certain term in the series such that the differ- 
ence between any term subsequent to this certain term and the limit 
is always less than the preassigned number. This, however, has as 
consequence that after this certain term is reached, the event must 
occur just so often in order that the series should have the limit it 
is said to have. But if the series is also a random one, in the sense 
defined, it can not be true that the event must occur just so often at 
any portion of the series.** Thus, let the probability of getting heads 
with a coin be one-half, and let the preassigned number be one- 
fourth. The point of the objection is that no matter how many 
times the coin is tossed (say a billion times) it is never certain, in 
view of the randomness of heads falling, that the difference between 
the ratio of the number of heads over the number of tosses and one- 
half will be less than one-fourth; but if this ratio converges to one- 
half, this difference should remain smaller than one-fourth after a 
certain number of throws. The frequency theory is therefore ac- 
cused of being self-contradictory. 

Nevertheless, this apparently overwhelming objection can be suc- 
cessfully challenged by the ‘‘truth-frequency’’ theory here devel- 
oped. For the objection loses its force when we recall that prob- 
ability is defined for a series of terms (read ‘‘applications of lead- 
ing principle’) and not for a single term of the series. If a coin 
is tossed ten times, the frequency theory does not say that five heads 
must come up if the probability of getting a head is one-half. The 
theory says that in a series of sets of ten tosses each, sets containing 
five heads will be more frequent than any others. This is a prob- 
ability of the ‘‘first order.’’? But the theory also states the fre- 
queney with which discrepancies from this probability (of sets with 
five heads) will be less than a certain number. This is a probability 
of the ‘‘second order.’’ To obtain this second order probability we 
must examine a series of series of sets. In the same way we could ob- 
tain a probability of the third order concerning the frequency with 
which deviations from the second order probability will occur, and 
so on. 

In other words, the frequency theory is consistent with its funda- 
mental idea when it asserts that a proposition asserting the prob- 

28 Fry, T. C., Probability and its Engineering Uses, p. 89. 
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ability of an argument is itself probable, i.e., is inferred from other 
propositions on the basis of some leading principle, and so forth; 
theoretically, an endless series of numbers is required to indicate 
the ‘‘probability’’ of a proposition, although in practice we con- 
tent ourselves generally with the first and second order probabilities, 
This practice is justified because the higher order probabilities do 
not differ very much from unity, and can be neglected for most pur- 
poses; and it is illustrated in the use of distribution functions and 
standard deviation functions in statistical analyses. Nor is the 
theoretical requirement of an infinite set of numbers to do justice 
to the character of the evidence for a proposition, a reductio ad ab- 
surdum of the position, if the higher order probabilities do in fact 
rapidly converge to unity. For it is well known that an infinite 
product of proper fractions is not necessarily zero.”® 

The answer to the objection here considered may be put in an- 
other way. Is it logically absurd to suppose that propositions about 
the objective grounds of probability are themselves only probable? 
If not, then it may be that the numerical determination of the 
probable value of an argument is only approximate. And the 
method employed in obtaining these approximations may itself be- 
come the subject-matter for a new inquiry, involving other argu- 
ments once more perhaps only probable.*° The only alternative 
treatment of probability with which I am familiar, which attempts 
to circumvent the force of this objection, commits us to an ‘‘intui- 
tion’’ of probability relations. Thus Professor Whitehead recog- 
nizes that the determination of a statistical frequency is itself prob- 
able. But he thinks that we here appeal to a wider meaning of 
probability than that of relative frequency, and that this meaning 
can not be interpreted without ‘‘make-believe’’ as a relative fre- 
quency. Unfortunately, the explanation he does offer for this ap- 
parent hierarchy of probabilities leads him to accept a principle of 
indifference and the intuition of ‘‘eases of equal probability.’’ ‘‘A 
die is a given fact; and its faces do not differ, qua faces, in any cir- 
cumstance relative to their fall with one face upwards or another 
down. Also beyond this fact, there is ignorance. Thus we are again 
driven to ultimate fact: there must be an ultimate species, and the 
specific character must be irrelevant to the ‘favorableness’ or ‘un- 
favorableness’ of the members of the species in their capacity of 
cases. All this must be given in direct knowledge without any ap- 

29 See the similar discussion by Peirce, Chance, Love and Logic, p. 90, and 
Reichenbach in Erkenntnis, Band I, pp. 166-173. The rejection of the notion 
of a hierarchy of probabilities by Dubs, Rational Induction is based on the 
mistake that every infinite product whose terms are all proper fractions ap- 


proaches zero as a limit, cf. p. 434. 
30 Cf. von Kries, op. cit., pp. 60, 81. 
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peal to probability.’’** But which 2s the greater ‘‘make-believe’’— 
the belief in indubitable, immediate knowledge, or the belief that 
all our methods of inquiry, though often secure, are always at the 
merey of the precarious world and are not certainly known to be 
applicable to it successfully? The frequency theory accepts the 
second alternative, in the light of the history of claims to immediate, 
infallible knowledge, as the less mystical. 


IV 


If it is true that the methods employed in exploring a subject- 
matter condition what is revealed in that exploration, it is also true 
that the traits which a subject-matter possesses condition the use 
and efficacy of the methods employed. A room thermometer will 
tell us nothing about the air pressure in a room, and comparatively 
little about the distribution of energy in the spectrum of the sun. 
A mathematical equipment not greater than that of Euclid can 
express only a few of the invariant characters which our world 
possesses. But if a bolometer is a more adequate physical instru- 
ment for recording variations in energy distribution, and if the 
tensor caleulus is a more sensitive intellectual tool for revealing a 
relational structure, the grounds for this greater adequacy and 
sensitivity do not differ in kind from the grounds for the short- 
comings of other instruments. It is a well supported conclusion of 
the realism of the artisan that the character of the method used is 
congruous with the traits of the subject-matter explored. If a 
bolometer can be used effectively, it is because the spectrum is the 
locus for delicately shaded energy variations. If mathmatics can 
be employed successfully, it is because the world does possess a 
mathematical character. 

It is a similar insistance upon the connection between formal 
principles of inference, and the existential traits which are ex- 
plored with their help, that makes the philosophy of Peirce so dis- 
tinctive. Consequently, the ‘‘truth-frequency’’ theory of probability 
can not be only a logical theory. If its interpretation of the nature 
of probability is sound, the effectiveness of probable arguments 
should be grounded in certain generic traits of existence. The theory 
has metaphysical bearings as well as a logical function. It points 
to the existence of a certain type of natural structure and con- 
tributes toward the understanding of the objective nature of uni- 
versals. 

The effectiveness of probable arguments in exploring what exists 
Seems to be based therefore upon the existence of certain classes of 
events between which special relations hold. There are indeed char- 


31 Process and Reality, p. 307. 
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acters in the flux which are so connected that when one instance of 
a class of characters is present, another instance from a different 
class of characters is invariably present at the same time or subse- 
quently. Probability arguments seem on the other hand to refer to 
classes such that when an instance of one class of characters is 
present, an instance of any one of several mutually exclusive classes 
of characters is also present. But what is distinctive in the rela- 
tion of the first class to the other classes, is this: which one of the 
several classes that is represented by an instance is no longer con- 
tingent upon the instance of the first class. There seem to be not 
only ‘‘one-one’’ relations between classes, but ‘‘one-many’’ rela- 
tions as well. This does not mean, however, that none of the ‘‘one- 
many’’ correlations can ever be exhibited as complicated modes of 
‘‘one-one’’ connections between subclasses of the first set of classes. 
It does mean that at any rate such ‘‘one-many”’ correlated classes 
have a secure place in the order of nature, whatever be the ultimate 
fate of our knowledge concerning them; and it does mean that in 
some cases of such ‘‘one-many’’ correlated classes the evidence for 
believing them to be irreducible is as good as is the evidence for 
the existence of ‘‘one-one’’ related classes. There are not only the 
rigid connections in nature formulated by logic and much of physics; 
there are looser ties as well. Contingency is as little an anthropo- 
morphic category as is strict determinism. 

It follows that many ‘‘demonstrations’’ of universal causality do 
not survive critical examination. One such proof claims evidence 
for universal causality because the sequence of events we do ob- 
serve is in conformity with what should oceur if ‘‘causes’’ were 
operative, but altogether ‘‘improbable’’ if the conjunction of events 
were casual. Thus the question is asked as to the probability that 
fire would go out when water was thrown upon it, in a world in 
which there is no causal enforcement. And the proof concludes, on 
the assumption that the probability for such a conjunction is one- 
half, that the probability of m consecutive occurrences of the event 
‘‘water-thrown-on-fire-fire-going-out’’ would be one-half raised to the 
mth power. Hence the general conclusion is that the event is causal, 
since the probability that such oft repeated events should be casual 
is very small.** 

Unfortunately, the entire proof is based upon the theory that 
what seems ‘‘equally likely’’ to us will occur as often as not. The 
proof assumes further that the ‘‘probability’’ of ‘‘water-quenching- 
fire’’ on one occasion, is independent of the ‘‘probability’’ of that 
phenomenon on every occasion. Everything depends on these points. 
But we really can not evaluate a ‘‘probability’’ for the actual world 


82 Montague, Ways of Knowing, pp. 203 ff. 
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by first transplanting ourselves to the realm of ‘‘all possible worlds’’ 
to see ‘‘how often’’ the actual world does conform to one of the 
possible ones. The conformity or lack of conformity of nature to 
the causal model can not be discussed until the empirical frequencies 
of certain events are ascertained; the event ‘‘water-quenching- 
fire’’ has no antecedent probability or improbability. 

Finally, some attempts to state the presuppositions for the pos- 
sibility of induction must be judged as mistaken. Keynes declares 
that the logical foundation for inductive arguments is that ‘‘the 
amount of variety in the universe is limited in such a way that there 
is no one object so complex that its qualities fall into an infinite 
number of independent groups.’’ Broad interprets this principle 
to mean that there must be but few substances or kinds out of which 
nature is built. Moreover, if our generalizations are to be uni- 
versal we must ascribe a finite probability to the proposition that 
‘“‘the set of characters which condition the generalization, are not 
the possible effect of more than one distinct set of fundamental 
properties.’’ We have already discussed some of the bearings of 
such principles on the logie of probability. We ask now whether, 
and on what further assumptions, inductions are to be based upon 
them. 

We may grant, in the first place, that if the structure of things 
were infinitely complex (in the sense that the character of any 
event was a function of an indefinitely large number of independent 
variables) science as we know it would be impossible. Science 
would be impossible even if the number of variables was finite, but 
still too large to manipulate them and their relations with our 
present methods. Many students despair of the possibility of a 
science of economies or politics in any way comparable to the pre- 
cision of the natural sciences, because of the difficulty in studying 
in any controlled manner the large number of variables involved. 
But this requirement that the structure of things be simple in order 
that science be possible, is a concession to the deficiencies of our 
technique. We are fortunate indeed that we live in a universe 
where only a very small number of variables need be taken into 
account to explore large regions of it. In physics not more than a 
dozen independent variables are needed to survey the type of be- 
havior this science studies; and many of the typical laws, such as 
that of the law of free falling bodies, require only two independent 
variables. 

Consequently, these observations do not prove the proposition 
that if there were an infinite number of independent variables, in- 
ductions would necessarily have to come to an end. Nor do they 
help prove that a sufficient condition for the possibility of induc- 
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tion is a limitation upon the number of variables. For consider an 
urn containing an infinite number of balls differently colored. Un- 
less we assume that in drawing the balls they were all equiprobable, 
the conditions stated are not incompatible with the fact that one 
color would be continually drawn, even though the number of dif- 
ferent colors is without limit. Similarly, if an urn contains a finite 
number of balls, half white and the rest black, and if we draw and 
then replace samples of ten each, it does not follow that the char- 
acter of the samples must represent the character of the contents of 
the urn, unless, once more, we assume that all the complexion of 
colors are equiprobable. 

The supposed fact that there are only a finite number of inde- 
pendent variables in the construction of nature, does not therefore 
everantee the conclusion that some interconnection of variables is 
move likely to hold than another. For it is absurd to suppose that 
every interconnection is as probable as any other on the basis of no 
evidence. Scientific method would be useless if a segment of nature 
under investigation could not be isolated from the rest of nature. 
But that such isolation can be effected does not follow from the 
existence of either a finite or infinite number of fundamental 
features. And the assertion that one combination of such features 
is as ‘‘probable’’ as any other is just nonsense if probability has the 
meaning we have found it to have. 


Ernest NAGEL. 
CoLUMBIA UNIVERSITY. 
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Das Kausalgesetz und seine Grenzen. Puitipp FRANK. Vienna: 
Julius Springer. 1932. 308 pp. 


The appearance of a positivistic treatment of the causal problem 
is most welcome, first of all, because positivism is peculiarly fitted to 
treat of modern causal concepts, and secondly, because a treatment 
of causal law is peculiarly adapted to reveal the method and pre- 
suppositions of positivism. This book has been occasioned, as one 
may read in the preface or between the lines throughout, by the 
recent attempts to inject animistic or psychic factors into physical 
phenomena by a misinterpretation of the new mechanics. Unfor- 
tunately the author’s well-prepared broadside is scattered during 
the engagement and directed successively against the abstract meta- 
physicians, the vitalists, the Energetiker, the dialectic materialists, 
and the scholasties, with a resulting minimal damage to each. 

The vitalists and metaphysicians suffer worst in the encounter. 
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On the basis of the pragmatism underlying all positivistie utterances, 
vitalism can not represent a scientific hypothesis, because it can not 
be tested experimentally. On the same score, statements of meta- 
physicians are apt to be mere jumbles of symbols or tautologies. 
Thus the statement that ‘‘everything is determined’’ becomes a 
tautology when we mean, by ‘‘everything,’’ ‘‘that which is deter- 
mined,’’ and we are apt to imply such a meaning. The test of a 
statement concerning actuality is this: If the contradictory of the 
statement is significant, the statement itself says something concern- 
ing the actual world and is not a mere tautology. The determina- 
tion of significance, of course, depends on the range of the universe 
of discourse. 

Professor Frank’s final contention is this: Any statement of the 
causal law in its full generality and precision becomes a mere tau- 
tology. Only the introduction of arbitrary conditions in the defini- 
tion of causal sequence can convert such a tautology into a proposi- 
tion concerning empirical facts. The arbitrary conditions may limit 
the expression of the causal law to ‘‘simple’’ formulae, or consider 
only a ‘‘few’’ physical quantities. In the ambiguity of the words 
‘‘simple’’ and ‘‘few’’ lies the escape from tautology, and the am- 
biguity is essentially irreducible. 

This conventionalism eventuates in the notion that ‘‘causal regu- 
larity’? can mean only ‘‘regularity in the appearance of a set of 
characteristics obtained by a special type of abstraction.’’ Thus 
there are certain causal regularities within the science of physics, 
another type of regularity within the characteristic abstractions of 
biology, and so on. The difficulties and seeming triviality of this 
view are thoroughly discussed in Chapter IX of the book. Such a 
point of view obviously rests on the assumption of recurring phe- 
nomena, or at least certain recurring characteristics of phenomena. 
The difficulty lies in the detection of periodic phenomena without 
the use of the causal law that is to be established. Thus, to define 
two states as ‘‘identical’’ when ‘‘identical’’ sequences follow from 
them is to argue in a circle. To define two states as identical in re- 
spect to certain selected characteristics is to analyze a phenomenon 
into sequences of discrete sets of characteristics with the simplest 
possible laws holding in each set. A difficulty arises here which 
Professor Frank does not consider: How are we going to correlate 
and order these various types of regularity? Is one type of causal 
sequence to be regarded as fundamental, so that we may reduce 
biological and psychological sequences, for example, to those of 
physics? Even within one science there are contradictory causal 
laws that need reconciliation. These problems are most serious for 
the new sciences of bio-physics, bio-chemistry, physical chemistry, 
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and psychology. The goal of scientific analysis is not the description 
of arbitrary causal regularities, but the reduction of all such se- 
quences to fundamental sequences expressed by the simplest causal 
laws. It is this demand for ultimacy that positivism is apt to over- 
look. C 
The chapters in the book on problems within the province of 
physics are much superior to the rest. The chapter on determinism 
gives a good account of the history and implications of the Laplacian 
theory of determinism. Questions of observation and predictability 
in the chapter on the new mechanics are discussed with particular 
regard to Laplace’s hypothesis. This chapter on ‘‘Kausalitit und 
Quantenmechanik’’ is an excellent non-technical introduction into 
the methodological difficulties of the physicist in his own domain. 
It is unfortunate that Professor Frank feels called upon to take up 
the cudgels against those who would insert free will into the causal 
gaps left by the principle of uncertainty. 

The chapter entitled ‘‘Von der sogenannten wahren Welt”’ is a 
digression on behalf of positivistic method in science and philosophy. 
The concept of a true world to which we can never attain is a 
meaningless concept for such a methodology. It can never be proved 
true or false. All proofs take place on the plane of our experiences, 
and these experiences alone give us our real world. Thus any state- 
ment that the world is contingent ‘‘in reality’’ or determined ‘‘in 
reality’’ has no content. The limits to scientific analyses in terms 
of regularities in sequence can never be set by theology or meta- 
physics. Only science itself can meaningfully set these limits. 

The curious delight of the author in setting up straw men that he 
may demolish them at a stroke renders many sections of the book 
trivial and unconvineing. The real contributions are made in at- 
tempting to define terms that have become ineffable and ambiguous 
in the hands of metaphysicians. Thus there is no meaning in the 
terms ‘‘pure chance’’ or ‘‘world-plan.’’ Chance must be defined in 
relation to this or that causal regularity, since a general causal law 
does not hold in the world. The action of chance is simply the 
action of factors which fall under none of our present laws of se- 
quence. A general ‘‘world-plan’’ is equally meaningless, since it 
could never be discovered by human intelligence. It is a Grenz- 
begriff and a useless one for any scientific philosophy. It is the 
shrewd common sense of this ‘‘scientific’’ analysis that will recom- 
mend itself to all those lost in the maze of modern discussions of 
causality. 

HILuis KaAIseEr. 

CAMBRIDGE, MASS. 
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The Science of Character. Lupwic Kuaces. Translated from the 
fifth and sixth German editions by W. H. Johnston. Cambridge, 
Mass.: Sei-Art Publishers. 1932. Pp. 308. 


Scientific psychology, while it does show promise in some of its 
openings, leaves the inquirer of human character and personality 
disappointed as he plows through a weary waste of disjointed parts. 
With all due respect to the prevailing use of the experimental 
method in the study of character, the all too meagre results thus far 
seem to cast still greater doubt upon the validity of the experimental 
procedures used in the field of the mental sciences, and particularly 
in the field of characterology. We must admit a very marked and 
painful disproportion between the vastness of the scientific ma- 
chinery employed by American students of character and the value 
of the ultimate results. German students of character differ from 
their American colleagues in that they do not suffer from an ex- 
cessive fear of theories as a means of interpretation, that is, they 
have no mistrust for philosophy or metaphysics. Hence their con- 
tributions to the subject are more organically related to the totality 
of human problems. If we compare the achievements of academic 
psychology in yielding insight into human character with those of 
the Romantic period of German culture, no one can gainsay that the 
psychological observations of a Goethe, Jean Paul, C. G. Carus, and 
Novalis outweigh in significant knowledge those of scientific psy- 
chology. It is a patent fact that no historian has as yet done full 
justice to the magnitude of the contributions to individual and 
social psychology due to the Romantic school. 

In opening up the field of the science of character, the author 
thus offers at first his criticism of academic psychology. He re- 
peatedly punctures some of its biases and eccentricities, and stresses 
the points which it deliberately neglects. It is his passionate con- 
viction that the works of F. Nietzsche contain psychological achieve- 
ments of the first magnitude for a possible future psychology. 

One of the basic conditions governing the discovery of character 
is the science of expression, technically termed physiognomology or 
psycho-diagnostic. This phase of the study of character has been 
rapidly gaining ground in Germany. Psychodiagnostie is the ap- 
proach to the understanding of character from external symptoms 
such as features, facial expression, vocal inflection, gait, gesture, 
handwriting, etc. While there is as yet no science of expression or 
of graphology, this does not preclude their becoming a science. 
Lavater, Carus, Piderit, Gratiolet, Duchenne, Bell, Darwin, and 
Preyer have been collecting all sorts of data that serve as a partial 
basis for such a science. It was above all Klages who placed graph- 
ology on a respectable scientific footing, as has Robert Sandek, whose 
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treatises on handwriting are available in English. While most 
books on the subject are worthless, Klages has rendered an en- 
viable service in discovering some of the basie principles underlying 
the science of expression. The author mentions self-knowledge, 
similarity or participation, and polarity or complimentary con. 
trariness as principles governing the discovery of character. 

With systematic self-recollection, speech or language constitutes 
the major methodological principles of the science of character, 
Academie psychology has invented all sorts of mechanical apparatus 
to spy out the mind of man. It has, however, failed to realize suf- 
ficiently that the master-key to the mind is speech or language. 
The inner life of folks—past and present—is apprehended by the 
aid of tradition-laden words. Besides, speech is an essential part 
of the science of expression. Language possesses a psychological 
capacity for revealing the inner processes of men. The author 
thinks that language has more psychological insight deposited in its 
words than scientific psychology with all its ingenious and com- 
plicated experimental tools. 

Character comprises three distinct groups of properties. The 
quantitative properties such as capacities, aptitudes, talents. These 
constitute the basic materials of character. The directive proper- 
ties such as the numerous driving forces or interests constitute the 
nature of character. The relative properties or temperament, the 
personal medium, the manner in which the internal processes run 
their course constitute the temperament or the structure of the 
disposition of the personal medium. These are properties of pro- 
portion and ratio, each of which may be represented by a quotient. 

In Chapter VII the author explains his ingenious theory of the 
structure of :character. It possesses three properties: personal 
capacity for stimulation of feelings, will, and personal capacity for 
expression. Temperament approximately corresponds to the ¢a- 
pacity for stimulation of the will, and what an earlier psychology 
vaguely termed ‘‘humour’’ corresponds with the personal capacity 
for expression. All three properties of character can each be 
represented by proportional magnitudes. 

The chapter on the nature of hysteria is in the nature of an 
interlude. The author presents a minute analysis of the atrophy of 
feelings in the hysterical character. He rejects the usual psycho- 
analytic interpretation of hysteria. Contrary to the popular view 
that some manifestations of hysteria are ‘‘imaginary,’’ the author 
contends that the patient does not at all simulate the disease. He 
is the defenceless victim of the transforming influence of pacts of 
images because certain vital processes produced these phantasms in 
him. The hysterie type of person suffers from a central feeling of 
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impotence. Hence the readiness with which he organically imitates 
aspects of alien lives, thus seeking to represent experiences which 
are most likely to excite attention. Since he feels incapable of ex- 
perience he desires to represent what he is not capable of feeling. 
Hence he has the capacity for deceiving himself and others. 

Next the author presents a very exhaustive consideration of the 
metaphysics of personality, in which the Greek, respectively the 
Romantic conception of man as body, soul, and spirit, is fascinatingly 
explained. His conception of spirit is voluntaristic, conforming to 
the metaphysical views of a Nietzsche and Schopenhauer by stress- 
ing the negative and destructive nature of will. 

Nice distinctions and significant analytical definitions constitute 
a refreshing feature of the work. It is a monument of intellectual 
vigor and rigor. It is the ripe product of the author’s reflections 
on and extensions of the subject for the last two decades or more. 
It would be an interesting and no doubt fertile undertaking if some- 
one would make a detailed character study of some well-known his- 
torical personality in the light of the author’s Science of Character. 
Klages is in his reflections on ‘‘civilized man’’ a pessimist of doom, 
and in his psychology a pessimist of joyful release, exalting both 
the psychological and spiritual qualities of man. 


HERMAN HAUSHEER. 
Lamont, Iowa. 
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NOTES AND NEWS 


We print by request the announcement of a prize of $1000 to 
be offered by the Soziologische Gesellschaft and the Philosophische 
Gesellschaft (Ortegruppe der Kantgessellschaft) of the University 
of Vienna, for an essay on the theme ‘‘Scientifie Work of Wilhelm 
Jerusalem, with Special Reference to his Relation to the Social 
Sciences.’’ Special attention should be paid to Jerusalem’s con- 
tributions to sociology, pedagogy, and teaching, as well as to the 
application of sociological methods to the problems of language, 
knowledge, ete. The essays should be thoroughly scientific in 
character, arranging normally from five to ten printed sheets, al- 
though shorter or longer essays will be accepted in the competition. 
The essays may be written in German, French, Italian, or English. 
If written in other languages, they should be accompanied by a 
translation into one of the languages already mentioned. Each 
essay is to be identified by a pseudonym and the name and address 
of the author are to be attached in a sealed envelope identified by 
the same pseudonym. Essays will be received up to the first of 
December, 1934, at the address, Dr. Walther Eckstein, Kirch- 
stetterngasee 49, Vienna XVI, Austria. The Committee of Award, 
consisting of Prof. Max Adler, Prof. Karl Biihler, Dr. Walther 
Eckstein, Prof. Viktor Kraft, and Prof. Karl Roretz, reserves the 
right to divide the prize if advisable. 





